Abstract. Given a pair (G, W ) of an open bounded set G in the complex plane and a weight function W (z) which is analytic and different from zero in G, we consider the problem of the locally uniform approximation of any function f (z), which is analytic in G, by weighted polynomials of the form
Introduction and general result
In this paper, we will examine pairs of the form (1.2)
We say that the pair (G, W ) has the approximation property if, ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ for any f (z) which is analytic in G and for any compact subset E of G, there exists a sequence of polynomials {P n (z)} ∞ n=0 , with deg P n ≤ n for all n ≥ 0, such that lim
where all norms throughout this paper are the uniform (Chebyshev) norms on the indicated sets. Given a pair (G, W ), as in (1.2), we state our main result, Theorem 1.1, which gives a characterization, in terms of potential theory, for the pair (G, W ) to have the approximation property. For notation, let M(E) be the space of all positive unit Borel measures on C which are supported on a compact set E, i.e., for any μ ∈ M(E), we have μ(C) = 1 and supp μ ⊂ E. The logarithmic potential of a compactly supported measure μ is defined (cf. Tsuji [13, p. 53 
It is well known that any open set in the complex plane is a finite or countable union of disjoint domains, and this is more general than the assumption on the open set G in (1.2)(i). However, we note that the approximation property (1.3) cannot hold, even in the classical case where
G , when some G is multiply connected (cf. Walsh [14, p. 25] ). In this sense, our initial assumptions on G are quite general.
trivially fails to converge to any f (z), analytic in G, with f (z 0 ) = 0; whence, the approximation property fails. Even more decisive is the result that if W (z 0 ) = 0 for some z 0 ∈ G , then the sequence
can converge, locally uniformly in G, to f (z), only if f (z) ≡ 0 in G . In this sense, the assumptions on W (z) are also quite general.
Remark 1.4. In the case W (z) ≡ 1 of Theorem 1.1, the result that the approximation property (1.3) holds is a known classical result in complex approximation theory (cf. [14, p. 26] ). This also follows from Theorem 1.1 because the measure μ(G, 1) exists by Theorems III.12 and III.14 of Tsuji [13] , and is the classical equilibrium distribution measure (in the sense of logarithmic potential theory) for G.
The topic of weighted approximation by {W n (z)P n (z)} ∞ n=0 , on the real line, has been extensively and thoroughly treated in the recent books of Saff and Totik [10] and Totik [12] . Here, we emphasize weighted approximation in the complex plane, which has received far less attention in the current approximation theory literature, with the exception of the recent papers by Borwein and Chen [1] and Pritsker and Varga [9] .
We shall present in Section 2 a number of applications of Theorem 1.1 to special pairs (G, W ). The concluding Section 3 is devoted to further remarks, open problems and a discussion of possible generalizations.
Applications
Finding the measure μ(G, W ) of Theorem 1.1 or verifying its existence is a nontrivial problem in general. Since U μ(G,W ) (z) is harmonic in C\ supp μ(G, W ) and since it can be derived from (1.5) that if log |W (z)| is continuous on G and G is a finite union of G ,
can be found as the solution of the corresponding Dirichlet problems. The measure μ(G, W ) can be recovered from its potential, using the Fourier method described in Section IV.2 of Saff and Totik [10] . This method has already been used successfully by the authors in [9] to study the approximation of analytic functions by the weighted polynomials {e −nz P n (z)} ∞ n=0 , i.e., when W (z) := e −z , and it is also used in the proof of Theorem 2.7. In contrast to the above procedure, we next consider a different method, dealing with specific weight functions, which allows us to deduce "explicit" expressions for the measure μ(G, W ) of Theorem 1.1, and to treat some important cases of pairs (G, W ). With G as defined in (1.2)(i) for σ finite, we denote the unbounded component of C\G by Ω. Let ν 1 and ν 2 be two unit positive Borel measures on C with compact supports satisfying supp ν 1 ⊂ C\G and supp ν 2 ⊂ C\G, (2.1) such that
For real numbers α and β, assume that W (z), satisfying
is analytic in G. Then, as an application of Theorem 1.1, we state our next result: 
is positive, where ω(∞, ·, Ω) is the harmonic measure at ∞ with respect to Ω; here, ν 1 andν 2 are, respectively, the balayages of ν 1 and ν 2 from C\G to G.
Furthermore, if μ of (2.4) is a positive measure, then (cf. Theorem 1.1)
We point out that the harmonic measure ω(∞, ·, Ω) (cf. Nevanlinna [8] and Tsuji [13] ) is the same as the equilibrium distribution measure for G, in the sense of classical logarithmic potential theory [13] . For the notion of balayage of a measure, we refer the reader to Chapter IV of Landkof [5] or Section II.4 of Saff and Totik [10] .
In the following series of subsections, we consider various classical weight functions and find their corresponding measures, associated with the weighted approximation problem in G by Theorem 1.1.
Incomplete polynomials and Laurent polynomials.
With N 0 and N denoting respectively the sets of nonnegative and positive integers, the incomplete polynomials of Lorentz [6] are a sequence of polynomials of the form
where it is assumed that lim 
The question of approximation by the incomplete polynomials of (2.6) was completely settled by Saff and Varga [11] , and by von Golitschek [3] on the interval [0, 1] (see Lorentz, von Golitschek, and Makovoz [7] , Totik [12] , and Saff and Totik [10] for the associated history and later developments). We consider now the analogous problem in the complex plane. Since the weight W (z) := z α in (2.7) is multiplevalued in C if α / ∈ N 0 , we then restrict ourselves to the slit domain S 1 := C\(−∞, 0] and the single-valued branch of W (z) in S 1 satisfying W (1) = 1.
For the related question of the approximation by the so-called Laurent polyno- 
with the only difference being in the sign in the exponent of the weight function. Thus, we can give a unified treatment of both problems by considering weighted approximation by {W
where α is any fixed real number and where we choose, as before, the single-valued branch of W (z) in S 1 satisfying W (1) = 1. In some cases, when the geometric shape of G is given explicitly, we can determine the explicit form of the measure of (2.11). This is especially easy to do for disks. 
where ds is the arclength measure on the circle |z − a| = r.
2.2.
Jacobi and Jacobi-type weights. We continue along the same lines by considering weighted approximation with Jacobi weights, i.e., we set
where α, β ∈ R are any numbers, and where we choose the branch of weight function in (2.14) such that W (0) = 1.
An analogue of Theorem 2.2 in this case is the following result:
Given an open set G as in ( 1.2)(i) with σ finite, such that G ⊂ S 2 , and given the weight function W (z) of (2.14), then the pair (G, W ) has the approximation property (1.3) if and only if
is a positive measure, where Ω is the unbounded component of C\G.
We next state a corollary of Theorem 2.4, which deals with the explicit formula for the radius of a largest disk D r (a), centered at a ∈ (−1, 1), for which (D r (a), W ) has the approximation property. 
where ds is the arclength measure on |z − a| = r.
Both weight functions, introduced in (2.10) and (2.14), are special cases of the following Jacobi-type weight function: 
Furthermore, if G = D r (a) := {z ∈ C : |z − a| < r} where a ∈ C, then the pair (D r (a), W ) has the approximation property (1.3) if and only if
The special case m = 1 of the weight function (2.22) was considered in [9] . To avoid technical complications, we shall study only the weighted approximation, with respect to the weight function W (z) = e where dθ is the angular measure on |z| = r and where z = re iθ .
Further remarks and open problems
Theorem 1.1 gives a rather complete answer to the question on weighted approximation by W n (z)P n (z) in open sets of the complex plane. It is then very natural to consider the uniform approximation by such weighted polynomials on compact sets, aiming at an analogue (generalization) of Mergelyan's theorem (see [14, p. 367] ). Let E ⊂ C be a compact set with connected complement C\E. We denote the set of all functions, analytic interior to E and continuous on E, by A(E). Let W ∈ A(E), with W (z) = 0 for any z ∈ E.
Problem. Give a necessary and sufficient condition for the pair (E, W ) to have the following approximation property:
For any f ∈ A(E) there exist polynomials {P n (z)} ∞ n=0 , with deg P n ≤ n, such that
Obviously, the classical uniform approximation by polynomials (Mergelyan's theorem) corresponds to W (z) ≡ 1, z ∈ E. We observe that (1.5) of Theorem 1.1, holding with G = IntE, is a necessary condition for (3.1). Let us also remark that this problem is open even in the case when E is a subset of the real line, such as an interval (see [10] , [12] for background and general results, and Kuijlaars [4] for the recent progress in this area).
An even more general approach is to consider the approximation problem in (3.1) with polynomials replaced by rational functions. Certain results, concerning such weighted rational approximation were obtained by Borwein and Chen [1] in the complex plane, and by Borwein, Rakhmanov, and Saff [2] on the real line, for particular weights.
